Abstract. This note contains results related to p-injectivity and YJ-injectivity. Conditions are given for rings to be (i) V-rings; (ii) VNR; (iii) self-injective regular or strongly regular. A characterization of principal ideal quasi-Frobenius rings is given in terms of pinjectivity. A condition is given for a fully right idempotent ring to have a von Neumann regular classical left quotient ring. It is also proved that if A is a fully right idempotent, right Goldie ring, then every two-sided ideal of A is generated by a central idempotent.
Introduction
Throughout, A denotes an associative ring with identity and A-modules are unital. J, Y, Z will stand respectively for the Jacobson radical, the right singular ideal and the left singular ideal of A. A is called right (resp. left) non-singular if Y = 0 (resp-Z = 0) while A is called semi-primitive if J = 0. As usual, (a) A is reduced if it contains no non-zero nilpotent element; (b) an ideal of A will always mean a two-sided ideal of A. Following S.H. Brown, A is called right (resp. left) quasi-duo if every maximal right (resp. left) ideal of A is an ideal of A. For other definitions of technical terms and notations, consult for example, [5] - [8] , [19] . Numerous papers on von Neumann regular rings, V-rings, self-injective rings and their generalizations have been motivated by K.R. Goodearl's book [8] ,
Following [6] , we shall write VNR for "von Neumann regular". Recall that (i) A is a VNR ring if, for every a € A, a € aAa; (ii) A is 7r-regular if, for every a € A, there exist a positive integer n such that a n € a n Aa n \ (iii) A left A-module M is p-injective if, for any principal left ideal P of A, every left homomorphism of P into M extends to one of A into M;
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(iv) A left A-module M is YJ-injective if, for any 0 ^ a e A, there exist a positive integer n with a n ^ 0 such that every left A-homomorphism of Aa n into M extends to one of A into M.
A is called left p-injective (resp. YJ-injective) if A-A is p-injective (resp. YJ-injective). P-injectivity and YJ-injectivity are similarly defined on the right side of A. If A is right YJ-injective, then the right singular ideal Y of A coincides with the Jacobson radical J of A ([24, Proposition 1] and [35, Corollary 2] ).
In 1974, we introduced p-injective modules to study VNR rings, V-rings, self-injective rings and certain generalizations [21] . P-injectivity is also noted "principal injectivity" in the literature (cf. [3] , [13] , [15] , [35] ). (But the term "p-injective module is used in [6] and [19] ). It is well-known that A is VNR iff every left (right) A-module is flat (M. Harada (1956); M. Auslander (1957) ). This remains true if "flat" is replaced by "p-injective" [21] or "YJ-injective" [35] , Theorem 3] also proved that A is TT-regular iff for any a G A, there exist a positive integer n such that every left A-homomorphism of Aa n into M extends to one of A into M.
As an analogy to the study of flat modules over non-VNR rings (with a large number of papers on flat modules published during the last forty years) we are motivated to study p-injective and YJ-injective modules over rings not necessarily VNR (cf. for example, [l]- [4] , [6] , [9] [35] ).
Following C. Faith (1967) , A is called a left (resp. right) V-ring if every simple left (resp. right) A module is injective. A famous result of O. E. Vlllamayor asserts that A is a left V-ring iff every left ideal of A is an intersection of maximal left ideals of A. A theorem of I. Kaplansky says that a commutative ring A is VNR iff it is a V-ring. This theorem remains valid if every simple A-module is YJ-injective.
If A is either a left perfect ring or a left V-ring, then A is a left BASS ring in the sense that every non-zero left A-module contains a maximal submodule (cf. for example [18] Proof. (1) implies (2) Since A satisfies condition ETN, b 2 = 0 which implies that n -
and / extends to a left A-homomorphism of A into U. We have just proved that A U is injective and thus (2) implies (1).
We now give a nice characterization of VNR rings.
THEOREM 2. The following conditions are equivalent: (1) A is VNR; (2) A is a left YJ-injective ring such that every cyclic singular left Amodule is p-injective.
Proof. (1) imples (2) n ^ 0 and Ab n is generated by an idempotent, whence any left A-homomorphism of Ab n into any left A-module M extends to one of A into M. We have proved that every left A-module M is YJ-injective and by [35, Theorem 9] , (2) The above example motivates the next result.
PROPOSITION 3. A is either left self-injective regular or strongly regular if any one of the following conditions is satisfied: (1) A is a left YJ-injective left non singular ring such that each maximal left ideal is either infective or an ideal of A; (2) A is a right YJ-injective right non-singular ring such that each maximal left ideal is either injective or an ideal of A.
Proof. Assume (1) . First suppose that every maximal left ideal of A is an ideal of A. Since A is left YJ-injective, left non-singular, then J = 0 by [24, Proposition 1 (1)]. Now A is a semi-primitive left quasi-duo ring which is reduced by Remark 2. Since A is reduced left YJ-injective, then A is strongly regular by [24, Proposition 1 (2)]. Now suppose there exist a maximal left ideal M of A which is not an ideal of A. By hypothesis, ^M is injective. Then A is a left self-injective ring by [32, Lemma 4] . Since J = 0, A is VNR.
The preceding argument shows that if (2) holds, then again either A is strongly regular or left self-injective regular. REMARK 3. If every simple right A-module is YJ-injective and each maximal left ideal of A is either injective or an ideal of A, then A is either left selfinjective regular or strongly regular.
As usual, A is called a right (resp. left) SF-ring if every simple right (resp. left) A-module is flat. A particular case of flat modules is studied in [30] .
A. Shamsuddin [17, Theorem 2.1] proved that left p.p. right SF-rings are VNR. This is connected with Chen's result [2] which answers positively a question raised in [29] .
We know that if I is a p-injective right ideal of A, then A/1a is flat. Also, A is a left p.p. ring iff the quotient of every p-injective left A-module is p-injective ([22, p. 176] and [19, p. 340] (2) right ideal) of A is idempotent; (b) A is ELT (resp. MELT) if every essential (resp. maximal essential, if it exists) left ideal of A is an ideal of A. MELT fully idempotent rings need not be VNR [34] (which answers a question raised in [26] ). Nevertheless, the following result holds. REMARK 5. If A is an ELT fully idempotent ring, then A is VNR such that every simple one-sided module is either injective or projective. It is well-known that A is a left Noetherian ring iff any direct sum of injective left A-modules is injective (cf. for example [5, Theorem 20.1] ). We know that, for any arbitrary ring A, any direct sum of p-injective left A-modules is p injective (this is also true if "p-injective" is replaced by "f-injective" (cf. [6, p.93]) ). [5, Theorem 20 .1] then yields the next lemma.
LEMMA 4. If every p-injective left A-module is injective, then A is left Noetherian.
The study of QF-rings began with T. Nakayama (1939). QF-rings are left and right Artinian, left and right self-injective rings whose one-sided ideals are annihilators (cf. [5] , [6] , [19] ). In [33] , commutative principal ideal QF-rings are considered. THEOREM 5. The following conditions are equivalent:
(
1) A is a left and right principal ideal QF-ring; (2) Every factor ring of A is QF; (3) Every finitely generated one-sided ideal of A is the annihilator of an element of A and every p-injective left A-module is injective.
Proof. The equivalence of (1) and (2) is well-known [5, Proposition 25.4.6 B] . Assume (1) . Since A is a left principal ideal ring, every p-injective left A-module is injective. Since A is also a right principal ideal ring, then every finitely generated one-sided ideal of A is the annihilator of an element of A. Thus (1) implies (3) . Assume (3) . Let I be a finitely generated left ideal of A. Then I = l(u) = l(uA), u € A. Since uA = r(v) = r(Av), v € A, then Av = l(r(Av) ) = l{uA) = I which shows that every finitely generated left ideal is principal. Since every principal right ideal of A is a right annihilator, then A is left p-injective by a theorem of M. Ikeda-T. Nakayama. By Lemma 4, A is left Noetherian. Therefore every left ideal of A is finitely generated and hence principal. A is then left self-injective and by [5, Theorem 24.5] , A is QF. Since every right ideal of A is also principal, then (3) In recent years, we have introduced and extensively studied ELT rings since such rings are a special case of left bounded rings [5, p. 49] .
Recall that a ring Q is a classical left quotient ring of A if
(ii) every non-zero-divisor of A is invertible in Q; We add a last result. [6, p.308] . (This is not true if "FP-injective" is replaced by "self-injective"). Consequently, any ring may be embedded in a p-injective ring. This fact gives an impetus to the study of p-injective rings (cf. for example, [6, Theorem 6.4] , [9] , [15] , [16] ).
